Problem 4.1 :

(a) .
gz(t):—/ ) 4,

T —oot—a
Hence :

_'f(_t) = _% ffooo ft(i)ada

= 1 [T (—db)

—t+b
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- _%f—oo —t+bdb
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where we have made the change of variables : b = —a and used the relationship : z(b) = z(—b).

(b) In exactly the same way as in part (a) we prove :

#(t) = #(—t)

(c) z(t) = coswyt, so its Fourier transform is : X (f) = 5 [6(f — fo) + 6(f + fo)], fo = 2mwy.
Exploiting the phase-shifting property (4-1-7) of the Hilbert transform :

X(f) = L [=36(f = fo) + 36(f + fo)l = == [6(f — fo) — 0(f + fo)] = F~" {sin 2 fot}

1
P 2
Hence, z(t) = sin wyt.

(d) In a similar way to part (c) :

o) = sinwat = X(f) = 5= 57 = fa) = 64 + o)l = X(1) = 3 (=67 = o) = 8(¢ + fo)

A

= X(f) = —% [6(f — fo) +0(f + fo)] = —F ' {cos 2mwot} = #(t) = — coswpt

(e) The positive frequency content of the new signal will be : (—j)(—j)X(f) = =X (f), f >0,

while the negative frequency content will be : j - jX(f) = —X(f), f < 0. Hence, since X(f) =
—X(f), we have : z(t) = —x(t).



(f) Since the magnitude response of the Hilbert transformer is characterized by : |H(f)| = 1,
we have that : ‘X(f)‘ =|H(f)||X(f)|=|X(f)|. Hence :

[e.e]
[ X
and using Parseval’s relationship :

/OO P(t)dt = /OO 2% (t)dt

—0o0 —0o0

A

X(f)[ ar = £ df

(g) From parts (a) and (b) above, we note that if z(¢) is even, Z(¢) is odd and vice-versa.
Therefore, z(t)z(t) is always odd and hence : [*°_z(t)z(t)dt = 0.

Problem 4.2 :

We have :

where h(t) = L and H(f):{ _jj’ iig }.Hence:

7t
9

D35(f) = Pua(f) [H(f)P = Pua(f)

and its inverse Fourier transform :

Also :
G2(7) = Elz(t+71)2(t)]

_ 1 foo Elx( t+7'):c(a)} da

1 foo ¢11 t+7' a)da

— _1 f—oo qbgm db

= I foo ¢“ = —ua(T)



Problem 4.3 :

(a)

Ez(t)2(t +7)] E{xt+7)+yt+ )} {z@) + jy(t)}]
Elzt)z(t+7)] = Ely)y(t + 1) + i E [z()y(t + 7)]
+E [y(t)x(t + 7)]

G (T) = Gy (T) + 7 [Dya(T) + Py (T)]

But ¢,4(7) = ¢yy(7)and ¢y, (7) = —¢uy (7). Therefore :

Elz(t)z(t+71)] =0

(b)
V= / (t)dt

E(v2):/OT/OTE

from the result in (a) above. Also :

[2(a)z(b)] dadb =0

EVV) JE T E2(a)2* (b)) dadb
T 1T 2No8(a — b)dadb

Ji 2Noda = 2N, T



Problem 4.9 :
The energy of the signal waveform s/ () is :

£ = /_Z|s;<t>\2dt—/_z

1 M
Sm(t) — MZSk t

— [T 2 ()dt+ —
/_OO £+ kzlz/
[ dt——Z/
- 5+L§§55M__5
M-—-1
= £ gpE-yf= (T )8
The correlation coefficient is given by :
o = 5 [ 00t = 5 [ (500 = 3 ) (50 = 3y 20
1 o0 1 MM
= — S d —_— Sk S d
o ([ sntsatvars SN sy
( / dt + %Z/_O; sm(t)sl(t)dt>
1M8—— —ﬁez 1 :




Problem 4.11 :

(a) As an orthonormal set of basis functions we consider the set

o={3 0 {3 1
f3<t>={(1) et f4(t)={(1) oot

In matrix notation, the four waveforms can be represented as

s1(t) 2 -1 —1 1\ [ A()
s | _[ -2 1 1 o] RO
st |7 1 -1 1 -1 || R0
(1) 12 —2 2 )\

Note that the rank of the transformation matrix is 4 and therefore, the dimensionality of the
waveforms is 4

(b) The representation vectors are

s, = |2 -1 -1 —1]
Sy = i—2110}

sy = [1 -1 1 —1]
s = [1 -2 -2 2]

(c) The distance between the first and the second vector is:

o=l —sP=yf|[4 2 2 1] =3

Similarly we find that :

dis = Jlsi—ssl2=y/[[1 0 =2 0] =

d1,4 = \Sl - S4|2 =

V5
111 =3 =v12
V14

V
V
g = m—\/:—s 20 1] =
V
V

d2,4 = ‘82 - S4|




Thus, the minimum distance between any pair of vectors is dyi, = V5.

Problem 4.13 :

The power spectral density of X (¢) corresponds to : ¢, (t) = 2BNo3225t From the result of
Problem 2.14 :

sin 27 Bt ) 2

Oy (7) = 674(0) + 20%,(7) = (2BNo)” + 8B° N (W

Also :

The following figure shows the power spectral density of Y (¢) :
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Problem 4.17 :

The first basis function is :

s4(t) smj_{—uﬁiogt§3}

0, 0.W.

Then, for the second basis function :

2/3, 0<t<2
€43 —/ = —1/V3 = g4(t) = s3(t) — casgalt) = { —4/3, 2<t<3 }
0, 0.W
Hence :
gy [ V6 0st<2
g93(t) = Nt —2(/)7%, 2§O?5W§3

where Fj3 denotes the energy of g4(t) : Es = [ (g4(t))” dt = 8/3.
For the third basis function :

Cq9 — / g4 dt =0 and C3g — / (t)dt =0

Hence :
93(t) = s2(t) — ca2ga(t) — c3295(t) = 52(2)

and

(1) 1/vV2, 0<t<1
m@%—%@—— —1/V2, 1<t<2
2 0, 0.W
where : & = [2 (s5(t))* dt = 2.
Finally for the fourth basis function :

041_/ £)ga(t)dt = —2/V/3, c31—/ (t)dt = 2/V/6, cn =0

Hence :
g1 (t) = 51(t) — ca194(t) — c3195(t) — c192(t) =0 = g1(t) =0


home


The last result is expected, since the dimensionality of the vector space generated by these
signals is 3. Based on the basis functions (g»(t), g3(t), g4(t)) the basis representation of the
signals is :

s1=(0,0,v3) =& =3

ss = (0,/8/3,-1/v3) = & =3

so=(V2,0,0) = & =2

s1 = (2/V6,-2/v/3,0) = & =2


home


Problem 4.18 :

51 = \/E, )
So = —\/E,O)
)

e}

S3 = O, \/E
S4 = O, —\/E)
A f2
S3
fi
S2 S1
S4
xX

As we see, this signal set is indeed equivalent to a 4-phase PSK signal.

Problem 4.19 :

(a)(b) The signal space diagram, together with the Gray encoding of each signal point is given
in the following figure :


home
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The signal points that may be transmitted at times t = 2nT" n = 0,1, ... are given with blank
circles, while the ones that may be transmitted at times t = 2nT + 1, n = 0,1, ... are given
with filled circles.
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