Problem 6.2 :

A block diagram of a binary PSK receiver that employs match filtering is given in the following
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As we note, the received signal is, first, multiplied with cos(2m f.t + é) and then fed the matched
filter. This allows us to have the filter matched to the baseband pulse ¢(t) and not to the

passband signal.



If we want to have the filter matched to the passband signal, then the carrier phase estimate is
fed into the matched filter, which should have an impulse response:

ht) = s(T—t)=g(T —t)cos(2r fo(T — t) + ) )
= g(T—1) [cos(Qﬂch)cosA(—Qﬂfct +¢) + Sin(Qchﬂj)sin(—Qﬂfct + ¢)
g(T — t)cos(—2mfet + ¢) = g(T — t)cos(2m f.t — @)

where we have assumed that f.7" is an integer so that : cos(2r f.T) = 1, sin(2rf.T) = 0. As we
note, in this case the impulse response of the filter should change according to the carrier phase
estimate, something that is difficult to implement in practise. Hence, the initial realization
(shown in the figure) is preferable.



Problem 6.8 :

An on-off keying signal is represented as :

s1(t) = Acos(2m fet + ¢.), 0 <t <T (binary 1)
So(t) =0, 0 <t <T (binary 0)

Let r(t) be the received signal, that is r(t) = s(t;¢.) + n(t) where s(t; ¢.) is either s;(¢) or
so(t) and n(t) is white Gaussian noise with variance 2. The likelihood function, that is to be
maximized with respect to ¢. over the inteval [0, 71, is proportional to :

Mo = |- [0 - st



Maximization of A(¢,) is equivalent to the maximization of the log-likelihood function :

2

A6 = o [ ) = st o)

= o [ i [Crostei - o [ s

Since the first term does not involve the parameter of interest ¢, and the last term is simply a
constant equal to the signal energy of the signal over [0, 7] which is independent of the carrier
phase, we can carry the maximization over the function :

V() = [ riw)s(ts o

Note that s(¢; ¢.) can take two different values, s;(f) and s5(t), depending on the transmission
of a binary 1 or 0. Thus, a more appropriate function to maximize is the average log-likelihood

Be) = / )51 (¢ dt+2/ so(t)dt

Since sy(t) = 0, the function V(¢,) takes the form :

_ 1 /T
V(pe) = 5/ r(t)Acos(2m ft + ¢ )dt
0
Setting the derivative of V(¢.) with respect to ¢, equal to zero, we obtain :

IV (¢.)

3o, =0 = 2/ t)Asin(27 f.t + ¢.)dt

T

T
= COS Q.= /0 r(t)Asin(27 ft)dt + sin ¢~ /0 r(t)Acos(27 f.t)dt

Thus, the maximum likelihood estimate of the carrier phase is :

Cg ML = — arctan IOTT(t) sin(2m f.t)dt
67 T (t) cos(2r )i
Problem 6.9 :
(a) The wavelength X is :
3 x 108 B 3
w0 M1

Hence, the Doppler frequency shift is :

PR jE1003Km/hr 100 x 10° x 10
A 2 m 3 X 3600

Hz = £92.5926 Hz




The plus sign holds when the vehicle travels towards the transmitter whereas the minus sign
holds when the vehicle moves away from the transmitter.

(b) The maximum difference in the Doppler frequency shift, when the vehicle travels at speed
100 km/hr and f =1 GHz, is :

Afpoa. =2fp = 185.1852 Hz

This should be the bandwith of the Doppler frequency tracking loop.

(c) The maximum Doppler frequency shift is obtained when f = 1 GHz + 1 MHz and the
vehicle moves towards the transmitter. In this case :

3 x 108
W= m =02
)\mm 109 T 106 m 0.2997 m
and therefore : 100 x 108
foo =2 "7 _ 996853 H

0.2997 x 3600
Thus, the Doppler frequency spread is By = 2fp,. = 185.3706 Hz.

Problem 6.10 :
The maximum likelihood phase estimate given by (6-2-38) is :

1 Im [Ei{:_ol I:yn]
Re S5 i)

QgML = —tan "

where y,, = f,ig“)T r(t)g*(t — nT)dt. The Re(y,), Im(y,) are statistically independent compo-

nents of y,,. Since r(t) = e 9* Y, I,g(t — nT) + 2(t) it follows that y, = I,e ¢ + z,, where the
pulse energy is normalized to unity. Then :

K-1 K-1
Z Iyn = Z [‘In|2 e 70+ [;Zn}
n=0 n=0
Hence :
K1 ' r
E {Im [Z (1?79 + [;;zn]H = —K|L| sing
n=0
and

K—1 ' o
E {Re [Z “In|2 e 1%+ I;zn”} =-K ‘In‘ oS ¢

n=0



1—sing

osp = ¢, and hence, @ML is an unbiased estimate of the

Consequently : F {QBML} = —tan "~
true phase ¢.



Problem 6.13 :

Assume that the signal u,(t) is the input to the Costas loop. Then wu,,(t) is multiplied by
cos(2m f.t + ¢) and sin(27 f.t + ¢), where cos(27 f.t + ¢) is the output of the VCO. Hence :

Une (1)
= Angr(t) cos(2m ft) cos(2m fot + @) — Angr(t) sin(27 fot) cos(2m fot + ¢)

An0t0) con(amasit + )+ con(@)] 2220 [sin(amas + ) — sn(3)

Upns (1)
= Apgr(t) cos(2m fot) sin (27 fut + ) — Amgr(t) sin(2m fot) sin(2m fot + B)

Amng(t) {sin(27r2fct +¢) + Sin(qg)} — Amng(t) [cos(qg) — cos(2m2f.t + qg)}
The lowpass filters of the Costas loop will reject the double frequency components, so that :
elt) = 2290 oy 4 AnIr)
matt) = 2280 gy - IO o
Note that when the carrier phase has been extracted correctly, QAS = 0 and therefore :
ety = 29ty = A

If the second signal, y,,s(t) is passed through a Hilbert transformer, then :

) Apdr(t)  Apgr(t
yms(t) _ 2T( ) _ 2T( )




and by adding this signal to y,,.(t) we obtain the original unmodulated signal.



Problem 6.16 :

The PDF of the carrier phase error ¢, is given by :

1 )
) = ——e %
p(¢ ) V2moy

Thus the average probability of error is :

Peo= [ Paoploods.

= [z Q [ % cos? ¢e] p(¢e)d¢e
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